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Method of Simulating Unsteady Turbomachinery
Flows with Multiple Perturbations
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Cambridge University, Cambridge CBS OJG, England, United Kingdom

Currently time-marching methods for unsteady turbomachinery flow calculations suffer from the inability to
deal with multiple perturbations in a single-passage solution. A new periodic boundary condition method has
been proposed, in which one can perform a single-passage solution with multiple perturbations. At the periodic
boundaries, all of the perturbations are identified by their own phase-shifted periodicities and approximated by
Fourier series. A combined parameter is chosen for the Fourier transform so that the Fourier coefficients can
be efficiently updated. Corrections on both the variables at a current time level and on the Fourier coefficients
are carried out repeatedly until a periodic state is reached. Numerical examples for oscillating cascade flows
subject to inlet/outlet perturbations have demonstrated the validity of the present method and its ability to deal
with situations of practical interest.
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Nomenclature
Am — amplitude
C = length of blade chord

= unsteady pressure coefficient
= frequency
: reduced frequency, uc/u\
- Mach number

7VfOU = highest order of the Fourier components
Np = number of time steps in one period
7Vpt = number of perturbations
P. = pressure
P° = steady inlet stagnation pressure
R = gas constant
r = radial coordinate
S = entropy
T = temperature
t = time
U = primitive flow variable
ur = circumferential traveling speed of perturbation
«i = inlet velocity
x - axial coordinate
y = circumferential coordinate
At = time-step increment
A Yp = pitch length
a = interblade phase angle
w = angular frequency

Subscripts
b = bending vibration
/ = index of perturbation
n = index of the order of the Fourier harmonic
t = torsion vibration
0 = time-averaged value
2 = outlet boundary

Superscripts
L = lower periodic boundary
U - upper periodic boundary
0 = stagnation parameter
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Introduction

P REDICTIONS of unsteady turbomachinery flows due
either to rotor/stator interaction or blade vibration have

attracted considerable attention. Corresponding solution
methods can be developed using either time-linearized models
in which unsteadiness is assumed to be a small perturbation to
steady flow,1'3 or nonlinear time-marching techniques.4'6'8 It
is well recognized that nonlinear time-marching calculations,
although making fewer assumptions, are much more expen-
sive than time-linearized solutions.

A typical problem for time-marching calculations for un-
steady turbomachinery flows is how to implement a periodic
boundary condition, if the computation is conducted in a
single blade passage, as shown in Fig. 1. For blade row inter-
action problems, if the rotor and stator rows have different
blade numbers as in all practical situations, the upper periodic
boundary (a-b or e-f) will sense what the lower boundary (c-d
or g-h) senses with a constant phase lead or lag in time, i.e.,
there is a phase-shifted periodicity. Similarly, for blade flutter
problems adjacent blades usually vibrate with a constant
phase angle difference [interblade phase angle (IBPA)]; there-
fore the phase-shifted periodic condition must also be applied
at the upper and lower periodic boundaries.

Several methods have been developed to deal with the
phase-shifted periodicity. The first method, proposed by Er-
dos et al.,7 is known as "direct store." In this method, flow
variables at the periodic boundaries are stored for one period
of time. Then the stored parameters and current solutions
correct each other according to the phase-shifted periodicity.
A main disadvantage of the direct store method is that a large
amount of computer storage is usually required. Giles5 pro-
posed a space-time transformation method to implement the
phase-shifted periodic condition. In his method the time plane
in the computational domain is inclined along the blade pitch-
wise direction according to a given interblade phase angle. The
phase-shifted periodic condition can then be directly applied

Fig. 1 Single-passage computational domain.
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by equating flow variables at the periodic boundaries. There-
fore no extra storage is required, and the convergence rate is
faster because the solution procedure is less influenced by the
initial guess, compared with the direct store method. How-
ever, the time-inclination angles (and therefore allowed in-
terblade phase angles) are restricted by the characteristics of
the governing equations. The present author6 proposed a
method called "shape correction." Flow variables at the peri-
odic boundaries are transformed into the Fourier components.
Instead of directly storing flow parameters as in the direct
store method, only the Fourier components are stored, so
computer storage is greatly reduced. The stored temporal
"shape" of flow variables is then used to correct the current
solution at the periodic boundaries.

It must be pointed out that all of the aforementioned peri-
odic boundary condition methods, although different in vari-
ous aspects, have one common feature; that is, they can only
be used to deal with unsteady flow problems with a single
perturbation, e.g., either due to another relatively moving
blade row or due to blades oscillating in a single mode in an
isolated row. In other words, none of the methods are capable
of performing a single-passage solution for unsteady flows
either due to more than one relatively moving blade row with
nonequal blade number or due to oscillating blades in a single
blade row with arbitrary inlet and outlet periodic distur-
bances. In practice, several unsteady perturbations with their
own phase-shifted periodicities coexist, and their interactions
between each other and with the steady flow are of great
interest. To the author's knowledge, this kind of general un-
steady turbomachinery flow with multiple perturbations can
so far only be dealt with by performing the multiple-blade-
passage (most probably the whole annulus) calculations,
which are much beyond current computing ability. The time-
linearized methods, on the other hand, can handle the multiple
perturbations simply by superposition. Thus the difference in
solution efficiency between a nonlinear time-marching solver
and a time-linearized solver would be greatly increased for
multiple perturbation problems. This difficulty of dealing
with multiple perturbations in a single-passage solution can be
regarded as a very serious limitation on further applications of
nonlinear time-marching methods to unsteady turbomachin-
ery flows.

The present paper describes a new generalized shape correc-
tion method for the phase-shifted periodic boundary condi-
tion, which allows a single-blade-passage solution for un-
steady turbomachinery flows with multiple perturbations. The
description of the methodology will be followed by two test
cases with essentials representative of general situations of
interest.

Methodology
Assumptions and Basic Formulations

It is assumed that all of the unsteady perturbations to be
dealt with satisfy a temporal and circumferentially spatial
periodicity, characterized by a spatial wavelength (and its
higher order harmonics) and a constant traveling velocity
along the circumferential direction. It is also assumed that any
flow variable at periodic boundaries can be expressed in the
following form:

U(x, y, r, t)=U0(x, y, , y, r, t) (1)

where UQ is the time-averaged part and £// is the unsteady part
with the temporal and spatial periodicity of the perturbation /.

Similar to the shape correction method for single perturba-
tion problems,6 each unsteady part is approximated by a
Fourier series in time:

Mo.

Ut(x9 y, r, 0 = Z! \Ani(x9 y, r)sin(«cV + </>)

+ Bni(x, y,

Then,

£*
r Nfou

£ [Ani sin(/i<o/f
/ = ! n = 1

Bni (3)

Care should be taken when choosing the number of pertur-
bations 7Vpt. Let us regard the perturbations with the phase-
shifted periodicities defined by moving boundaries (e.g., ro-
tating blade rows or oscillating blades with given interblade
phase angle and frequency) as fundamental perturbations. For
situations where nonlinear interactions between fundamental
perturbations are not very strong, 7Vpt should be the same as
the number of fundamental perturbations concerned. Then
interactions between the different perturbations and the
steady flow manifest themselves in amplitudes and phases of
corresponding parts. Whereas if the nonlinear interaction is
very strong, unsteadiness with frequencies of (co/ + co,-),
(co/ - co/), (2co/ + co/), (2co/ - coy), . . . , (/ *./'), might be in-
duced, in the form of products of fundamental perturbations.
For instance, if we have two perturbations in the form of

/ =/o + /i sin coi/ + /2 sin co2/

then the quadratic (nonlinear) term will be

f2 = /o

cons

sin «if + 2/0/2 sin co2f

cos 2co2f) +/i/2 cos(coi - co2

-A/2 COS(C01

The last two terms are the induced perturbations in the form
of product between the two fundamental perturbations. The
induced perturbations should be included in Eq. (3) if one
wants a complete description of corresponding unsteady
terms. In practice, however, only low harmonics tend to have
strong interactions. Therefore inclusion of a few induced per-
turbations with low frequencies should be adequate for engi-
neering purposes.

Based on the assumptions about the temporal and spatial
periodicity, we have

U = U0 +
Npt Nfour / A \
£ £ \Ani sin I /ico/f -co/ — )

/ = i n = 1 L \ uri/

( Ayn co// - co/ —
u, (4)

(2)

where uri is the constant traveling speed of the / th circumferen-
tial perturbation mode and Ay is the circumferential distance
from a reference point.

Accordingly, for any pair of mesh points at upper U and
lower L periodic boundaries of a computational domain for a
single blade passage, we have

Npt Nfou
UL(x, r, t) = U0(x, r) + ZJ £ [Ani sin(/ico/0 + Bni cos(«co/01

i = l n = 1
(5)

S Nfou
^[Anism(n<j)it + CT/)

(6)

where a/ is the interblade phase angle for the /th perturbation.

Implementation
Following the principal idea of the shape correction method

for single perturbation,6 a time-marching solution procedure
can be started with an assumed temporal shape at each peri-
odic boundary point. Then we can use the stored shape and
the current solution to correct each other according to the
phase-shifted periodicity until the solution converges to a peri-
odic state.
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For cases with a single perturbation, corrections to the
stored shape (i.e., the Fourier coefficients An and Bn) can be
easily conducted by a straightforward timewise integration for
parameters from the current solution, e.g.,

(7a)

where

= - 2rf Usin(nut) At

£
*r

Ucos(nut) At (7b)

Therefore, An and Bn can be updated once a period. However,
for multiple perturbations, equivalent formulations to Eqs. (7)
for each perturbation can only be used if the frequencies of all
perturbations concerned can beat each other after a certain
number of periods. For example, if f\ = 2 Hz and/2 = 3 Hz,
then the beating frequency is 1 Hz, so

\
Ani = —

. &2An2 = —3ir

At

U sin(nu2t) At

(8a)

(8b)

Thus Ani and Bn\ have to be updated once every two periods
of the first perturbation, and three periods are needed for
updating An2 and Bn2. In practice, the beating period can be
much longer than the periods of perturbations concerned.
Therefore the time-marching solution can be greatly slowed
down.

What we really need is that the Fourier coefficients for each
perturbation can be updated and corrected in as short time as
possible. We know that the following formulations should
hold for a converged solution at the same order of approxima-
tion as Eqs. (7) for a single perturbation case

0>/
Npi

At

- Ri)cos(no>it) At

(9a)

(9b)

— Present methqd
oo Single perturbation

a) Amplitude

-0.5 0.0 0.5

b) Phase

Fig. 2 Unsteady pressure along lower periodic boundary (flat plate,
pitch wise bending mode).

A/pt

Ri = £ * sin(/ico/0 + Bnj cos(n<*jt)] (10)

The idea is that, if we can approximate Rf , we would be able
to update and correct Ani and Bni once per period of the
corresponding perturbation. An apparent choice of the ap-
proximation for RJ would be the stored shape. Therefore we
will not only use the stored shape to correct the current solu-
tion but also use some part of it together with the current
solution to form a parameter to work out new values of the
Fourier coefficients. In this way we induce an additional
source of error, which may affect the convergence rate but not
the final converged results.

The step-by-step implementation is as follows:
Step 0: Make an initial guess for U0 and Ani9 Bni. Then

start the unsteady solution.
Step 1 : At time step n, update the primitive variable U at

the periodic boundaries from the current solution.
Step 2: For each perturbation, use £/and previous Fourier

coefficients for other perturbations to conduct a timewise
integration [Eq. (9)] for new coefficients.

Step 3: Correct (/using the previous Fourier coefficients
[Eqs. (5) and (6)].

For each perturbation, new values of the Fourier coefficients
are obtained once per period and then used to correct old ones.
Acceleration of updating the Fourier coefficients can be made
by carrying out several timewise integrations starting at differ-
ent moments in one period of the corresponding perturbation.

Numerical Examples
Two test cases for two-dimensional unsteady cascade flows

will be presented. The calculations were carried out using an
inviscid Euler solver6 in a single-blade passage with the peri-
odic boundary condition being implemented by the present
method. In addition to unsteadiness due to blade vibration,
inlet stagnation pressure and outlet static pressure perturba-
tions were also included. The far-field pressure perturbations
were specified in the form of

r / AAI= Pbo\ 1 + Amp sm( upt - cop — 1
L \ urp/ J

(11)

with the corresponding IBPA being

where Pb is either the inlet stagnation pressure P° or the outlet
static pressure P2. The far-field boundary conditions were
implemented in the conventional steady flow method; i.e., at
inlet, specify P°, r°, and flow angle for subsonic flow or
circumferential velocity for supersonic flow; and at outlet,
specify static pressure P2. These boundary condition treatments
do reflect outgoing waves. But they were chosen here simply
for convenience of defining the perturbations at the bound-
aries. In the previous Euler solver for single perturbation
problems,6 which had been validated against some well-docu-
mented linear theories and experiments, a one-dimensional
nonreflecting condition and an approximate two-dimensional
nonreflecting condition have been adopted for the far-field
boundaries. It was found that the accuracy of the near-field
solution (e.g., surface pressure) would only be considerably
affected by the far-field boundary condition treatment under
an acoustically cut-on condition. Here, for consistency, the
same reflecting far-field boundary conditions as just men-
tioned were adopted for both the single-perturbation and the
multiple-perturbation solutions.

It should be mentioned that, for unsteady flows with multi-
ple perturbations, the convergence of the solution is indicated
by the periodicity with the beating frequency. To obtain a
periodic solution, twice as many time steps as in a single
perturbation situation are usually needed.
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Chord
Chord/pitch ratio
Stagger angle
Inlet Mach number
Incidence

Case 1: Subsonic Flate Plate Cascade
The first case is of flat plate cascade at a subsonic flow

condition. The cascade geometry and steady flow conditions
are

= 0.0762 m
= 1.3
= 45 deg
= 0.65
= 0deg

The cascade is oscillating in a pitch wise bending mode,
subject to an inlet stagnation pressure perturbation and an
outlet static pressure perturbation, defined in Eq. (11). The
parameters for these three modes are the following:

Mode 1 (pitchwise bending vibration):
Amplitude = Amb = 0.01 C
Frequency =fb = 666.667 Hz (K = 1.52)
IBPA = ob = 50 deg

Mode 2 (inlet upward-traveling stagnation pressure wave):
Amplitude = AmpQ = 0.03
Frequency =fp0 = 1333 Hz (K = 3.04)
IBPA = o^o = - 300 deg

Mode 3 (outlet upward-traveling static pressure wave):
Amplitude = Amp2 = 0.03
Frequency =fp2 = 1000 Hz (K = 2.28)
IBPA =(Jp2= -270 deg

For this case nonlinear effects are expected to be negligible,
so only the first-order harmonic components were taken in the
Fourier series for the periodic boundary condition. The com-
bined modes have 333.3 Hz as the beating frequency. Once a
periodic state with the beating frequency was reached, the
unsteady pressure was decoupled into the three modes by
Fourier transforms. These results were then compared with
those by the single perturbation shape correction method6 at
each perturbation condition. To more clearly check the valid-
ity of the periodic boundary condition treatment, the compari-
sons of the results were made along the lower periodic
boundary of the computational domain from the inlet to the
outlet (i.e., the line c-d-g-h as shown in Fig. 1, where d-g is on
the blade upper surface).

The decoupled unsteady pressure results for mode 1 (blade
vibration) are compared with the single perturbation results in
Fig. 2 (note that the region with 0<x/c< 1 is on the blade

— Present method
oo Single perturbation

-0.5 0.0 0.5 1.0 1.5

a) Amplitude

-0.5 0.0 0.5 1.0 1.5

X/C

b) Phase
Fig. 4 Unsteady pressure along lower periodic boundary (flat plate,
outlet P2 mode).

— Present method
oo Single perturbation

-0.5 0.0 0.5 1.0 1.5

a) Amplitude

-0.5 0.0 0.5 1.0 1.5

b) Phase
Fig. 3 Unsteady pressure along lower periodic boundary (flat plate,
inlet P° mode).

Fig. 5 Computational mesh of the six-passage solution.

surface). The results for mode 2 (inlet P° perturbation) are
given in Fig. 3. The results for mode 3 (outlet P2 perturbation)
are shown in Fig. 4. The agreement between the present decou-
pled results and those directly from the single perturbation
solution is very good for all of the three modes.

Case 2: Transonic Biconvex Cascade
To further check the present method, an unsteady flow case

with more practical conditions was calculated. The cascade
geometry and steady flow conditions are similar to those for a
typical low-pressure compressor or fan tip section:

Inlet Mach number = 1.15
Back pressure (P2/P°) = 0.67
Stagger angle = 50 deg
Chord =0.1m
Chord/pitch ratio =1.3



2734 HE: UNSTEADY TURBOMACHINERY FLOWS

J

a) Multipassage b) Present solution

Fig. 6 Static pressure contour (ut = 0 deg, interval = 2200).

EXP(-S/R)

a) Multipassge b) Present solution
Fig. 7 Entropy contour (ut = 0 deg, interval = 0. 01).

The cascade was subject to two specified perturbations:
blade vibration and inlet stagnation perturbation. The
parameters for these two modes were chosen to be within the
range of practical interest. They are the following:

Mode 1 (blade vibration in torsion around midchord):
Amplitude = Amt = 1 deg
Frequency =/, = 400 Hz (K = 0.71)
IBPA = ot = 60 deg

Mode 2 (inlet stagnation pressure wave):
Amplitude = AmpQ = 0.05
Frequency = /po = 2400 Hz (K = 4.26)
IBPA =(7,0= -240 deg
Traveling speed = 277 m/s

To have a more direct check on the present periodic
boundary condition method, this case was first calculated by a
multiple-passage solution. The computational domain covers

six passages (Fig. 5). Clearly the unsteady flow has a spatial
periodicity for six blade passages, so that the same direct
periodic condition as in steady blade-to-blade flow computa-
tions can be'applied by equating variables at the upper and
lower boundaries for the multipassage solution. Hence the
multipassage solution has the least approximation for the
periodic boundary condition and can be used as a baseline to
validate the present single-passage solution.

Figure 6a shows static pressure contours of the multipassage
solution at the instant at = 0 deg, after a periodic state with
the beating frequency (f = 400 Hz) was reached. The corre-
sponding entropy contour at the same instant in term of
exp( - S/R) is shown in Fig. 7a. We can observe from these
contours that a strong normal shock standing on the suction
surface intersects the periodic boundary upstream of the lead-
ing edge of the adjacent blade. Thus this is a challenging test
case for periodic boundary condition treatment.

The present single-passage solution was carried out with the
same mesh density as that for the multipassage solution. To
cope with nonharmonic unsteadiness due to shock motion,
Fourier components up to the fifth order were included to
describe temporal variations of flow variables at the periodic
boundaries for the two modes. When the single-passage solu-
tion converged to a periodic state with the beating frequency,
we also plotted the static pressure (Fig. 6b) and entropy (Fig.
7b) contours at ut = 0 deg. Figure 6b can be compared with
the static pressure contour in the region marked "Reference
Passage" in Fig. 6a, and Fig. 7b can be compared with the
entropy contour in the region marked "Reference Passage" in
Fig. 7a. These contours from both the multipassage and sin-
gle-passage solution are in good agreement. It should also be
pointed out that the single-passage results (Figs. 6b and7b)
show almost no sign of reflection of pressure and entropy
waves from the periodic boundaries.

Similar to case 1, unsteady pressure results were taken along
the lower periodic boundary mesh line and decoupled into the
two modes by a Fourier transform. The amplitude and phase
distributions of the first harmonic of unsteady pressure coeffi-
cient for mode 1 (blade torsion vibration) from both the
single-passage and multipassage solutions are compared as
shown in Fig. 8. The comparisons of the first harmonic un-
steady pressure for mode 2 (inlet stagnation pressure wave) are

— Present method
oo Multi-passage

-0.5 0.0 0.5 1.0 1.5

a) Amplitude

b) Phase
Fig. 8 Unsteady pressure along lower periodic boundary (biconvex
cascade, torsion vibration mode).
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0.0

— Present method
oo Multi-passage

-0.5 0.0 0.5 1.0

a) Amplitude
360.0 f —•-

b) Phase
Fig. 9 Unsteady pressure along lower periodic boundary (biconvex
cascade, inlet P° mode).

shown in Fig. 9. The agreement between the results using the
two different periodic boundary condition methods can be
regarded as quite satisfactory. These comparisons not only
demonstrate the validity of the present methodology but also
indicate the feasibility of the method for applications to prac-
tical flow conditions.

Concluding Remarks
Previous time-marching methods for unsteady turboma-

chinery flow calculations suffer from being unable to deal
with multiple perturbations in a single-passage solution.

In this paper, a new periodic boundary condition method
has been proposed that permits a single-passage solution with
multiple perturbations. At the periodic boundaries of a single-
passage computational domain, all of the perturbations are
identified by their own phase-shifted periodicities and approx-
imated by Fourier series. Following the shape correction
methodology, the variables of the current solution are cor-

rected using the previous Fourier coefficients. The Fourier
coefficients are efficiently updated by taking a Fourier trans-
form for a combination of the current solution and the previ-
ous Fourier coefficients. This correction procedure is repeated
until a periodic state is reached.

The present method has been implemented in an Euler
solver and has been validated for a subsonic oscillating flat
plate cascade flow subject to inlet stagnation pressure and
outlet static pressure waves and an oscillating biconvex cas-
cade with a normal shock standing off the leading edge subject
to an inlet stagnation pressure perturbation. The results for
the flat plate cascade are compared with a single perturbation
solution. The results for the transonic cascade are compared
with a multiple-passage solution. All of the comparisons are
very favorable. The ability to deal with practical situations has
also been demonstrated.
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